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Chapter 9 — Light-Cone Relativistic Strings

1. Choices for T

We previously used the static gauge, in which the world-sheet time is
identified with the spacetime coordinate X’ by X°(7,0)=cr . We can,
however, choose all kinds of different gauges. We choose those in which 7
is set equal to a linear combination of the string coordinates:

n X'(r,0) = At
To understand what this means, consider two points z; and =z, with the
same firzed value of 7. We then have

n, (:L’f — :L’é’) =0

The vector (x{‘ — x;‘) is clearly on a hyperplane perpendicular to n,. If we

define the string as the set of points X with constant 7, then we see that
the string with world-sheet time 7 is the intersection of the world-sheet
with the hyperplane n-x = A\t

We want the interval AX" between any two points on the string to be
spacelike. Now, consider

0 We know that n, (az“ —g;é‘) =0=n-Az=0.

1
o If n” is timelike, we can anlyse this condition in a frame in which
only the time compoenent of n is non-zerio. In that case, Ax
clearly has a 0 time compoenent, and is therefore spacelike.
It turns out that this also works for n” null.
Now — for open strings, p” is a conserved quantity. We incorporate this in
our Gauge condition and write
n-X(r,0) = X(n-p)T
For open strings attached to D-branes, some components of p" are not

conserved, but we assume that n is chosen so that n-p is conserved — for

this to happen, we need |n-P” =0| at the string endpoints. Analysing

units and working in natural units then gives

n-X(r,0)=2a'(n-p)r (open strings)
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Not quite sure about the comment that says that gauge isn’t Lorentz

invariant for all choices of n. I also don’t understand how |n- P’ = 0| at

the endpoints is any requirement — surely we already have P’ for all

endpoints.

2. The Associated o parameterization for open strings

In the static gauge, we required constant energy density over the string —

in other words, constant P™°. We now require constancy of n#PT"’ =n-P",
as well as o € [0,7‘(‘].
I don’t understand this range condition on sigma?
From our expression for P™, we have
dé . dé .
P (r,0) = —P"(1,6) = n-P"(r,0) = —n-P(1,06)

do do
Thus, we can always find a parameterisation in which n-P7(r,0) = a(1)

(ie: does not depend on o) by adjusting dé / do accordingly. Further, we
note that

fﬂn-PTdJ:n-p:na(T)
0
And so

n-pr =212 (open string world-sheet constant)
s

In this parameterisation, o for a point is therefore proportional to the
amount of m-p momentum carried by the portion of the string between
[O, 0’].
Now, consider the equations of motion

8777; + 3077; =0
Dotting this with n", we get

) N0 ,
—aT(n-P )+—80(n-7> J=0
9 -
ag(n-p >:0

Which implies that n-P? is independent of o .
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We have already seen that for open strings, n-P’ = 0 at endpoints, which

implies that this is the case everywhere.

3. The Associated o parameterization for closed strings

e In this case, we want o € [O, 27r] and so

n-P = n2_p (closed string world-sheet constant)
s

Because of this factor of two, we write the gauge condition without the
factor of two, as

n-X = o/(n'p)T
I don’t understand this range condition on sigma?
We can still show that n-P° is independent of o , but it’s now not
possible to set it to 0 at any given point. Furthermore, it’s unclear what
point is ¢ = 0. We solve this by setting a certain point on a certain string
to have these properties. The proof this can be done is in the book.
There is, however, an obvious ambiguity — our whole parameterisation can

be rigidly moved along the string without affecting anything.

4. Summary

In summary, we have

n-P? =0
n-X(r,0) = ﬂo/(n-p)T
2T
n-p=—n-P’

B

Where G =1 for closed strings, and g =2 for open strings.

The first condition above, along with an expression for P’ immediately

gives us . This allows us to simplify our expression for P™,

and we obtain X? 4 X’* = 0. This is best summarised, together with the

first condition above, as
. 2
(Xx+£x) =0

We then get the following simplified expressions
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7)TH —

1 ., o 1 L\
2o’ - P= 2 <X/ )

Feeding into the equations of motion, we get

1/
Xr—(x") =0
These are simply wave equations!

When the string is open, we have the additional requirement that the P

/
and therefore the (X “) vanish at the endpoints.

4. Solving the wave equation

Assuming we have a space-filling D-brane and therefore free-boundary
conditions at the endpoints, the most general solution to the wave

equation is
© _ 1 " I
X(r,0) = (/"7 +0) +g'(r ~ 0))

/
Bearing in mind the relation P :—<X’“‘) /2ma’ and the boundary

conditions P™ =0, we get
ox"
oo

The boundary condition at 0 informs us that f and g differ at most by a

0 oc=0m

constant, which can be absorbed into f.
1
X'(r,0) = (/"7 +0)+ (7~ o))

The boundary condition at ¢ = 7 gives

Since this must be true for all 7, this implies that f* is periodic with

period 27.

We can therefore write

o0

)=+ Z(a: cosnu + b" sin nu)
n=1

o0

) ="+ flu+ Z (A: cosnu + B sin nu)
n=1
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Substituting and simplifying, we get

X'(r,0)=fl+ [T+ (A:' cosnT + B! sin m-) cos no

n=1

We write

A" cosnt + B"sinnt = —%((BT’; + iAT’LL)ei"T —(B: —iA:)&””)

2 Oé/

. * i

i ( : inT ,;Zz inT )
n )

f, can be shown to be proportional to the momentum carried by the string
(by integrating the momentum density), and we can say f" = 2. We then
get

COSNo

I

Clearly, this corresponds to the zero-mode of the string, its momentum,

(o)
. * g .
X"(1,0) =" +2a'p"T — iN2a' E (a”’ e —a'e ””T)
0 n n
n=1

and its oscillations.
I don’t understand how we can just declare f" = x/

e Now, let’s define lots of notation

no_ /
o = p'N2a«

*
*
o am(a) s

n —Nn

e We can then write

1 )

L !/ L . / L —in

X1, 0)=z" + V2o a7 + iV 2« —ale ™ cosno
) 0 0 n n

n=0

And we then have

y / — / . / —i .
X" =2« E ozf:e T cosno X" = —i\ 2« E ozj;e "7 sinno

nez nez

And

Xt 4+ xH = \/20/2&7’:6%(&0)

nez

We need to make sure that this satisfies the boundary conditions.

5. Light-cone solutions of equations of motion
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To move into a light-cone gauge, we trade coordinates 2" and ' for
coordinates z" and z, and we set a gauge that has n- X = X . This gives
us, via the relations defined above,

X'(r,0)=Ba’p’T Pt = 2%77”

The second equation tells us that p* density is constant along the string.
We want to try and show that all the dynamics are in the transverse
coordinate X' (ie: not including " and z). First, consider the constraint

equation, using the dot product in light-cone coordinates

—2(X+ + X+’)(X— + X") + (Xf + X“)2 ~0
From the equation above for X*, we have that X*' = 0,X* = a/p", and
o
1
26a'p*
We have assuming that p™ > 0. This only fails when p” = 0, which only

X +Xx' =

(Xf + X“)2

occurs for a massless particle travelling exactly in the negative z' direction.
This is an unusual occurrence, but when it does occur, the light-cone

formalism will not apply.

These define X~ and X~ in terms of the X', and therefore completely

determine X up to an integration constant. All we need is the value of X

at some point on the world sheet, and integrate dX = X dr+X"do.

On a closed string, we further have a condition that J f)” X'doe=0, to

ensure that the contour we choose around the string does not affect the
value of X . Thus, the string motion is characterised by X', p” and T,

where the last item is the constant of integration.
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Chapter 10 — Light Cone Fields & Particles

1. Action for Scalar fields

e A scalar field is a single real function of spacetime; ¢(x,t) = ¢(z).

e A natural choice for the Lagrangian Density and action of a field that
treats time and space on an equal footing is

Ez—%ﬂ@ﬂ@ﬁ—%m%Q 5= [Ld%

Where D = d + 1 is the total number of dimensions.

e This is for a free scalar field with mass m (a free field is one in which the
equation of motion is linear in the field, which require the Lagrangian to
be quadratic in the field).

Why are those densities and not the Hamiltonian itself?

e The momentum conjugate to the field is given by
oL
= =0

2(0,0)
And the Hamiltonian density by

1 2

H:H@@-ﬁ:-@ﬂqv@+m%ﬂ

2
How does those refer to T, V’ and V, and why did we expect that?
The energy is then given by the Hamiltonian

E=H= [Hds
Where d is the number of space dimensions.

Why use the space dimensions here?

2. Equation of motion and classical solutions

e Varying the action, we get an equation of motion

nllua/laygb o m?gb — 0
(82 —m2)¢ =0
_9%

aﬁ+v%—m%:o
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This is the Klein-Gordon equation.
e Now, finding plane-wave solutions to the classical scalar field. Consider

(note the two terms, to ensure the solution is real)
¢(t, :l:) _ aei(pszt) I a*@i(—p-erEt)

Where p is an arbitrary vector, and the form of the differential equation

— _ 2 2
E_iEp Ep—\/p +m

A general solution can be obtained by superimposing all the possible

requires

solutions above (note that p is continuous, so we get an integral). However,
it has no simple QM interpretation, because the second term represents a
particle of negative energy...

e To analyse the scalar field equation, it helps to work in Fourier space

oz) = [— e o(p)d"p
(2]
Note that we require [gb(x)] = [qﬁ(a:)r = [(ﬁ(p)] = [qﬁ(—p)]*

e Substituting the expression for ¢(z) into the equation of motion, we find
that the field must be 0 unless it lies on a “mass shell”, on which
p’+m’=0= E* = p’ +m”. This is a hyperboloid, described by the set
of points (:I:Ep,p) for all p.

Why do virtual particles not lie on the mass shell?

e We note that any point p” on the mass shell has a single number
associated with it, because the complex number has two degrees of
freedom, and the condition [gb(p)] = [q&(—p)]* takes away one of them. We

thus is there is one classical degree of freedom per point on the mass shell.

e Don’t understand page 200
3. Scalar Quantum Field Theory

e When we move to quantum mechanics, the dynamical variables turn to

operators. Thus, our field becomes a field operator (and we also have
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momentum and energy operators). The state space is described using a set
of particle states.
e Let’s write the plane-wave solutions to the KG equations above in more

general form, and with normalisation factors:

)= o o O )

Why do we add these particular pre-factors?

We can imagine this as a field in a box of sides L;, with periodicity

p, L. =2mn,
We evaluate the scalar field action and Hamiltonian for this field — we’ll
need to square the field, square its time derivative and square its gradient.
All terms with spatial dependence will integrate to 0, and the others will

cancel the V terms in the field. We then get

If we write a(t) = ¢,(t) + ig,(t), the action becomes

2
1
5=y [l g
; 2K R
This is the action for two harmonic oscillators, with associated momenta

L () . 1.
t :—:Z—i +Z = —aqQ
pt) oi, B, TP E

L,
> E g (1)

dt

p

And equations of motion
G(t) = —Eq,(t) = d(t) = —E’a(t)
With solutions

iEt *  iEt

at)=ae " +a e’

Feeding this into the Hamiltonian, we find
H = Ep (apap + a_pa_p)
e We postulate, and can check, that the a, and a , are annihilation operators,

with ¢, and ¢, being the relevant coordinates. We then have
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[a a} 1 {aip,af}zl

With a Hamiltonian and momentum

H=F (aa +a' 0 p) P:p(a;ap—ajpafp)
e More generally, including all momenta, we get
[ap,a;] - 6P~k [ap’ak] - [a;,al} =0
And
H= ZEpa;ap P = Zpa;ap
p p

The field operator, with contributions from all momenta, is then

’m E t+ip- z) 1 i(Eptpz))

WZF( ale

e We then define ‘Q> as a vacuum state, containing no particles, and for

which ap‘Q> = 0. A state containing particles with momenta p, ... p, is
then
[0) = o} 0], a, [2)
With
Plv) =S, o) =

The number operator, N, gives the number of particles in the state

N = a'a
p P

To prove the above, consider that

apapaT ‘Q> (a a a )‘Q> (apa] a; a;a;ap)‘9> = a; [ap,a” >

e At the quantum level, we focus on the one-particle states, which lie on the

physical part of the mass shell, with positive energy, p” = E > 0. We thus
have a single particle state for each point on the physical mass shell,
labelled by its momentum p.

e In light-cone coordinates, the energy is p and the momenta are

characterised by p” and p*". Thus, we label the oscillators with p” and p*
T

+pT

One particle state = a

? i .
= a ) - =
er Loa =2
p,p
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Where, in the last operator, we have used the fact that

pam’=0=p =(p'p' +m’)/2p"

4. Maxwell Fields & Photon States

e In the case of Maxwell fields, we have Gauge Invariance, in which 8VAN is
invariant under the transformation 6AM = 8u€. This yields field equations

of the form [see previous chapter]

o F" =0
0,(0mA —orar) =0
oA —0"(9-A) =0

How do we get the last step?
Compared to the equation for a scalar field, this is conspicuous in its
absence of a mass term.

e Transferring this to momentum space, we get

dD T L
A(z) = [=Eemar(p) A (—p) =
(2]
Substituting into the field equations, we get
p’A" —p" (p-A)=0

*

A(p)

How do we get this?

e We can also Fourier Transform the gauge transformation
6A (p) = ip (p)
SAT =ipTe 6A =1ipe A" =ip'e
With e(—p) =¢ (p).
e We then fix our gauge as follows — we set A" = A" +ipe , and

e =1iA" / p*, which the gives us

A'(p)=0

This fixes the gauge, because any addition transformations make A" non-
zero (with the exception of e(p) = e(p~,p")é(p”), because p'e =0)

How does the exception work?
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This Gauge condition simplifies the equation of motion. First, take =0,

and get
p*(p'A): 0=p-A=0
= —p A" —}p%ﬁ—l—p]Al =0
I 7l
A =1L f
p
And all that remains from the field equation is
p?A/J,(p) — O

This is automatically satisfied for = +. For u = I, this leads to a set of
conditions, and for u = —, it is satisfied because of these conditions and
the formula for A~ above.
Each of the equations for = I correspond to the equations of motion for
a massless scalar. Thus

0 When p = 0 [ie: a massive particle], the full Gauge field vanishes.

0 When p =0, each of the A’ are independent, and A is determined

by the relation above.
We therefore have D — 2 degrees of freedom per point on the mass shell.
Note: we can show that there are no degrees of freedom for p®> =0 by
noting that if a field only differs from the 0 field by a Gauge
Transformation aﬂx, then it is effectively equivalent to the 0 vector. We
call the field pure Gauge. In momentum space, we need
pure gauge : 4 (p) = ip,x(p)

If we can show that our field has this form for p®> = 0, then we can show

that it effectively vanishes for p® = 0. Taking the equation of motion

p'4, =, (p-4)
And using the fact that p* = 0, we can divide by p?
—in- A
Au = o ZpQ
p

This is precisely in the pure Gauge form.

Finally, let’s consider photon states. We can introduce oscillators for each

of the A’ fields; namely, a; 7 and a;j e Each of the I represent a
different possible polarisation — there are D - 2 of each of these
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independent states for each point on the mass shell. A general one-photon

state with p” and p” contains a linear superposition of these polarisations:
D—1 ;
o I

‘¢> o ;&aﬁ*,f Q>

Where the vector ¢ dictates how we superpose each of the polarisations.

For D = 4, we get D —2 = 2; the familiar two polarisations of light.

5. Gravitational Fields and Graviton States

In GR, the dynamical field variable is the metric gw(x), which, in weak

fields, can be taken to be g (z)=mn,+h, (z), both g and h being

v
symmetric under exchange of indices, and with

O*h" — J, (8’%”& + 8”h“°’> +0"0"h =0
The momentum-space version is (if there were sources, there’d be an extra
term including the energy-momentum tensor for these)

S"(p)=p’h" —p, (p“h”“ + p”h"“) +p'p'h=0
Where h =n"h  =h.
The equation of motion are invariant under the Gauge transformations
6" (p) = 1p"e"(p) + ip"e"(p)
Where the gauge parameter is a vector, and gauge invariance is effectively
reparameterisation invariance. To see how, first compute
§h =, 60" =in, (p'e" +p'e") = 2ip-e
And then see that 65" does indeed vanish.
Since the metric is symmetric and has two indices (4, — or ) we must
consider
(h”,h”,h”,h*’,h**,h”)
By writing the gave conditions for all the above that include a +, it turns
out we can set all these objects to 0. The Gauge conditions then become
" =h =h' =0

Setting © = v = 4 in the equations of motion, we find that
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(p+)2h20:>h:0
= —2h"" +h" =0
N
The equation of motion reduces to
p*h!" —p"p W —p'p B =0
Setting u =+, we get p* (pah”“> =0= p h”™ =0. And so the equation of

motion reduces to

PR =0

Furthermore, from p A" =0, we can find an equation for the h with a —
index in terms of the transverse h".

e For any field with a + index, the equation of motion holds trivially. For
any field with a — index, it also holds because we found these fields in
terms of the transverse h"”. For the remaining transverse components

o h"(p)=0 for p’ = 0 [massive particles]
o0 h"(p) is unconstrained for p* = 0, except for requiring h,(p)=0.

e Thus, the degrees of freedom are carried by a symmetric, traceless,
tranverse tensor field A", the components of which satisfy the equations of
motion of a massless scalar. This has as many compoenents as a symmetric,

traceless square matrix of size D — 2. Namely

n(D) = %D(D - 3)

The one-graviton states of momentum ( T, pT) are then

D-1
)= 3 &l
1,J=2 ’

Q> £, =0
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Chapter 11 — The Relativistic Quantum Point Particle

1. The Light-Cone Point Particle

e Thinking of 7 as a time variable, and the z"(7) as coordinates, we define

an action and a Lagrangian as follows:

T [. ) s dz" dz”
S:f/LdT L = —m~—3’ it =n i =7 —
T - wodr o dr
e The momentum is then given by
oL mi,
pu = - =
oz" ;2
Which clearly satisfies
pPP+m’ =0
e The Euler-Lagrange equations give
d H
r_ 0
dr
e We define a light-cone Gauge for the particle as follows
1
rt=—p'T

e Now, consider the + component of momentum

+
mo . 1 »p
p+ — it =
2 =2
i it m
.2 1
:L’ — ——_—
2
m

We can now simplify the expression for momentum
p, = mQj:#
And the equation of motion gives
3'0'# =0

e Expanding the p* + m* = 0 in light-cone components, we can obtain

- I T 2
P (p'p" +m’)
e From the expression for momentum, we obtain
dz’ 1, ? s D
—_—=—p =T (T)=2 +—T
dr m2p (7) o om?
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The Gauge condition tells us that = = 0.

Our independent dynamical variables are therefore

(IL’I,ZE;,pl,er)

2. Quantising the Point Particle

Before we quantise the point particle, we need to decide what operators we
will use to describe the motion. It seems that the dynamical variables form
excellent choices, with

=in T =—i

[xl,pl] =i = i, [:Uo_,p+
The operators 2", z and p can be defined using those operators, using the
relations we’ve already defined above.
Since p is the light-cone energy, we expect it to generate x" evolution:
0/0x" < p (since z" is the time component). The Hamiltonian, however,
generates T evolution. But since z° = p*7 /m®, we can anticipate that

0 p*@@]f

or  m*0z" m’
And so we postulate that
() _ 1
1) = 20y () = L (5 (! (7))
m 2m

e Now, we know that i€ = [5, H ], and so from this, we can deduce that

o p'(r)=p'(r)=0 — this is good, since these are constants of the
motion. We can therefore write p*(7) = p* and p'(r) = p’.

o i'(r)=p' /m’. This is, one again, in accord with our classical
expectations, and allows us to write z'(7) = z, + p'r /m’.

0 We do indeed get i, =0 ; expected, since it’s a constant of
integration.

0 p (1) is a function of the p’ only, and is therefore clearly constant.

0 2" and z both have explicit time dependence, and we can find that
i (t)=p /m® and that @"(7) = p" /m’. Both of which are as
expect classically.

So it looks like our choice of H is good!
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To complete our description, we need to find an appropriate state space.
In our CSCO, we can only choose one operator from each of the pair (z,
p") and (2/, p'). Because momentum space is usually convenient, we write
the states of the quantum point particle as ‘ ", pT> .

The operators then all act on these states as one might expect — most

importantly

H|p"p,) = 21 (2'p" +m?)| ", )

2
m

From which it then follows that the time-dependent states

exp —z’21 - (plpl +m2)7 ‘p+aPT>

m

Satisfy the Schrodinger Equation.
More generally, consider the time-dependent superpositions of the basis
states

|w,7) = [dpdp,u(r,p",p,)
And we see that 1 is none other than the momentum-space wavefunction:
o, T> =Y(7,p",p,)

Taking the Schrodinger Equation for state ‘\IJ,T> — namely

p*,pT>

<p*, D,

i%‘\I/,T>:H ‘\If,7'> and feeding in the general superposition above, we

recover a Schrodinger equation for .

3. Quantum particle and scalar particles

There is a natural identification of the quantum states of a relativistic

point particle of mass m with one-particle states of the quantum theory of

2

We might have expected this correspondence by noticing that the scalar

a scalar field of mass m

‘p+,pT> —a'

"oy

field equations, in light-come coordinates, looks identical to the

Schrodinger equation in light-cone coordinates.
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The scalar field theory looks more complete, though, because it allows
multi-particle states. What has in fact happened is that we have gone
through two levels of quantisation.

O First quantisation involves substituting each of the classical
coordinates for quantum operators and obtaining a Schrodinger
equation for the wavefunction (a field).

0 Second quantisation involves quantising the field that we found in

first quantisation, and obtaining multi-particle states.

3. Light-cone momentum operators

Since the Lagrangian depends only on derivatives, it is invariant under the
translations 6z"(7) = €”, where €” is a constant. The resulting conserved
charges are momenta, and, in the quantum theory, they generate the
symmetry transformation via commutation.

If we had carried out Lorentz-invariant quantisation of the point particle,
the operators we would have used would have been the z'(7) and p"(7).
In that case, the commutation relations would have been

2 (r),p" (7)] = in™ | =[p"p"| =0

Now, we’d like to check that isppp (1) does indeed generate the symmetry

transformation via commutation:
[igppp(T),]/‘“(T)] — Z'gﬁ (_Z'nﬂu) — &fﬂ — 6{1}'“’(’7’)

However, it’s clear that the above commutators don’t work in the light-

cone gauge. They predict that [z7(7), pi(T)] = —i, whereas we predicted

that they were equal to 0.
That said, let us try and expand the generator ie p’ (1) in light-cone
coordinates [note that the momenta are 7—independent]

ie p’(1) = —ie pt —icTp +ie'p’

Let’s test it in a number of cases

0 |¢' = 0,67 =0|, in which case we have

[i&?pp”(T),x”’(T)} = j¢’ [p[,a:”’(T)}
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Taking this for pu=J,+,— gives exactly the results we would

expect. Only a 6z’ compoenent.

0 |e =0, =¢’" =0|, similar sensible results are obtained.

0 |e" =0,e =¢' =0| is more complicated, because p is a nontrivial

function of other momenta. We then have

63#(7) = |ie, p’ (), 2" (r)| = —ie"

p,at(7)]

Which doesn’t satisfy our naive expectations. In fact, we find that

. _ LT
ox (1) =—ic" |p ,x*(T)] = —ze*w[p ,p =0
I
&L‘[(T) = —i€+ p7,1:1<7')} = —i€+ —2 n plpl’(l,J(T)} = _5+§_+
ox (1) = —ie” p_,x_} = —ie" |p 1, +p—27' = —je* p‘,xo‘} _ P
m p+

(To find the last commutator, we note that p depends on p*, and

that what we actually need to find is

sl ) |- o) ) ) ) )

which gives the result above)

We need to understand the translations p generates. It turns out we can
understand them as a translation éz" = " as well as a reparameterisation.
The general form of a reparameterisation involves 7 — 7/ =7+ (7). In
other
(1) = @ (7 + A7) = 2" (1) + A7)0 2" (7)
6x" (1) = A(1)0_x"(7)

Now, consider the + component of the translation. From above, we have
that éz"(7) = 0, which means that the translation and reparameterisation

cancel exactly. In other words
2

e"H XN aT(T)=¢€" —{—)\p—zz 0= \ = _ﬂ+€+
m p
And this explains the other components of 6z"(7). In fact, this makes
sense — if we’d simply change z" by a small amount, 2" would then violate
the light-cone Gauge condition.

Errrrr... How kind of the physics!! Isn’t it a bit circular!
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One last comment — it’s important to note that the p” and p Gauge
operators defined above are different to the p™ = (p” + pl) / \/5 defined

above. It turns out the commutation relations are similar.

4. Light-cone Lorentz Generators

pw

We saw that Lorentz translations are given by dz"(7) ="z (7), with
e = —" | and with associated Lorentz charges
M = 2 () ()~ o (1) (1)
These Lorentz charges are Hermitian
The Lie Algebra of Lorentz generator is defined by
M, M,w] MY — i MY 4 i M — i M

In any coordinate system we choose, the Lorentz generators will have to
fulfil these conditions
We now need to find the generators in light cone coordinates (not the

light-cone components of the Gauge invariant coordinates)
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Chapter 12 — The Relativistic Quantum Open String

1. Light-cone Hamiltonian and Commutators

We found a class of world-sheet parameterisations for which the equations

.. "
of motion were wave equations X" — X" =0.

I don’t get it — didn’t we have those before?

. 2
These come at the expense of constraints (X + X ') =0, with which we

get

1 X#/ /PT/J — 1 Xp

/ /
2T 2o

Pcrp _

These work in all the Gauges of the class we have considered, but
particularly with the light-cone gauge, for which X = 2a’p*r. We then
solved for X and found that

=L L ()
2a° 2p*
Which gives us, explicitly
x"x"
737'7 — 7T+ /PTIPTI + -
2p (27r0/)

We next choose operators for our theory
I - Tl +
X z, P D

Sensible commutation relations are
[XI (T, 0),73”(7',0')} = in”é(a - 0'/)

[%;;Iﬁ = —1

With all other commutators vanishing. (Note that z, and p” do not depend
onrt).
A Hamiltonian that makes sense (since we know p generates X©
translations and that X* = 2a/p*7) is
H(r)=2a'p"p”
X"(r,0)X" (,0)
’ 2
(27ra )

. / T 71 71
—7'('Oéj; do|P" (1,0)P" (1,0) +
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This is sort of equal to Lj, but not quite, for reasons we’ll see later.
e The classical boundary conditions become operator equations
9 X'(1,0)=0 o=0,m
Means that the operator 9 X " actually vanishes at the endpoints.

e We can also find the following commutators
[(X[ + X]/)(T,O'),(XJ + XJ/)(T,O')

(7 £x")(r.0), (X' 7 X7 (o)

= +47ma’in" %6(0 — 0')

=0

2. Commutation relations for oscillators
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Chapter 13 — Relativistic Quantum Closed Strings

1. Mode Expansions and
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Chapter 14 — Relativistic Superstrings

e Introduction

0]

o

0]

Two operators that anticommute satisfy bb, = —b,b, = {bl,b2} =0.
Two variables that anticommute satisfy 00, = —bb = b =0.

To describe the relativistic electron, we use the Dirac Field (a
classical anticommuting field variable). This leads to creation
operators pru labelled by momentum and spin. They anticommute,
and so f:s f;s = 0, which automatically encodes Pauli’s Exclusion

principle

e World-Sheet Fermions

0]

For Bosonic strings, we used X" — variables that classically
cominute.
For Fermionic strings, we’ll use new dynamic variables, ¥"(7,0),
where a =1,2.
The light-cone gauge now sets 77[}: =0 and both the X~ and ¢
receive contributions from the transverse X' and wi .
By using the Dirac action and all kinds of weird and wonderful
math, we end up with
(0,+0,)u =0 (0,-0,)¢ =0
And boundary conditions
zblj(T, 0*)(6@01[(7', 0*)) — 1&2] (7’, @)(5@&5(7, a*)) =0
At the endpoints, o, = 0,7 .
From this, we can deduce lots of things
= The wi fields are anticommuting.
- @ZJII is right-moving and ¢; is left-moving.
Y/ (7’,0’) =0 (7’ - 0’)
¢21 (7’,0) = \Ifé (7’ + 0)
* The boundary conditions require that 1 (7,0,) = £, (7‘, a*).

The choice is irrelevant, and so
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e  We declare that @ZJll(T, 0) = @/121 (7‘,0)

e This makes the sign at the other end relevant
¢1I (7’,7‘(‘) = izp,j (7‘,71')

This divides the string into two sectors. The top sign is the

Ramond (R) Sector and the bottom sign is the Neveu-
Schwarz (NS) Sector.

In fact, we define

; B Yl (1,0) o€ [0,71']
Viro)= vl (r,—0) o€ [—7?, 0]

2
Notes:
e The boundary condition at o, = 0 ensures that it’s
continuous.

e The left-moving and right-moving conditions imply

that |¥'(1,0) = x' (7 — 0)

e The other boundary condition implies that

o’ (T,W):j:\IfI(T,—W) . So periodic fermions

correspond to Ramond BCs and antiperiodic fermions

corresponds to Neveu-Schwarz BCs.

e Neveu-Schwarz Sector

0 The Neveu-Schwarz fermion changes sign when ¢ — o + 27, and so

it must be expanded with fractionally moded exponentials

U (r,0) ~ Z b:efir(Tw)

1
TGZ+2

Stuff about the coefficients

They’re anticommuting

{or.6}=6...8"

r+s,0

The...

e Negatively moded coefficients b’ b’

g0ttt Are

1
—1/27

creation operators.
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e DPositively moded coefficients b’ b’ are

172273720 """
annihilation operators.
» These operators act on the Neveu-Schwarz vacuum ‘NS>
0 Because the X are still quantised as usual, the states are

=TI TLIT ()

9
1=2n=1

NS)®

p+,pT>

Notes:
» The order of the b matters not, because changing the order
will only change overall sign.
* The p must be 0 or 1, because the b anticommute and so bb
=0.

0 The mass squared operator is (using full ordering)
. 1 1 -
2 L I I 131
M N = Za_pozp + Z b b,
p= r:é,%#...

— __+Nl
NS> is 4+ n.

/

2

The eigenvalue of N on b’ . b’

7

e The F number

F
0 We define an operator (— 1) , which is +1 for bosonic states, and —1
for fermionic states. F'is the fermion number.

0 We first declare that the vacuum states are Fermionic
(1) [NS)e[p"p,) = - [NS) e
Acting on the generic state, we then get
P
(1) =~

This follows if we take

p+,pT>

A)
{(—1)F,bj}: 0

0 From this, we get that states with an even/odd number of
fermionic oscillators are fermions/bosons.

¢ Ramond sector

0 With Remond BCs, the field is periodic, and so we need integer

moded exponentials
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U (1,0) ~ Zdie_m(T_a)

nez

With, as ever, the negative/positive modes

creation/annihilation operators . Once again

{dd=0,..0"

Page 27 of 31

being

The eight d, operators are difficult to deal with, and give distinct

vacuum. It turns out that they can be organised simply by linear

combination of four creation operators ¢.¢.£,{, and four

annihilation operators.

»  The zero modes do not contribute to the mass squared.

* They construct 2' = 16 degenerate Ramond ground states by

acting on the vacuum ‘O> .

» Eight of these states, denoted ‘Ra>, have an even number of

creation operators, and the other eight, denoted ‘Ra,>, have

an odd number of creation operators.
=  We denote them ‘RA> ,with A =1, ..., 16

The states in the Ramond sector are then

o0

=TI T )

n=1 =2m=1

B)®|v" )

Once again, the p are either 0 or 1.

Once again, we have a (—1)" operator, and {(—1)F ,d;} = 0. We also

declare (—1)F‘0> = —‘0>, which implies that
= ‘Ra> are fermionic
. ‘Ra,> are bosonic
We have
M =535 (al ol 4 nd )

« n>1

We thus have, for each mass level, a Boson and a fermion. This is

good — it looks like supersymmetry. But it’s only on the worldsheet,

not necessarily in spacetime.

Generating functions
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0 We want to construct generating functions that encode the number
of states at any mass levels. We want a function f(z) such that

@) =3 a(n)a”

n=0
Where a(n) is the number of states with N* =n .

0 Consider — if we only have one oscillator af , then there is just one

state, ‘0> with N* =0, and one state (aT>k‘0> with N*"=Fk. As

1
such, we want

1

1—2x

fl@)=1+z+2>+2°+-- =

If, on the other hand, we have an oscillator with mode 2 (eg: a; ),

1 . .
we can only get even N, so the function we want is

, 1
f) = 14a 4 o=
11—z
0 It turns out that if we have oscillators af ,ag ,-+-, the function is
< 1
f)=1]—=
n=1 1 — T

Similarly, if we have operators of type A that give f, and operators
of type B that give f5, then the combination will give f,.
0 For example, for our bosonic string theory, we have 24 of each

—24
oscillator, and so we have H(l—x"’) . However, these count the

N*, and we want the o/M* = N —1 states, so we divide by z and

get

H—l — = LR VR Y P
n=1 (1 — .fl:") z

Which concurs with our 1 tachionic state, 24 massless Maxwell

£ (x) =

8 |~

states, etc...
0 What about the fermionic states? If we have a single fermionic

operator f , we can only get two states: ‘0> and f_r‘0>, and so
flz)=1+2".

» For the NS sector, each oscillator comes in 8 species, and so
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ﬁ (1 + :1:"_;)8

n=1
Finally, remembering that o'M* = N* —1 and including the

—8
8 bosonic coordinates that provide (1 — x”) , we get

1
0= pH

= For the R sector, we have no offset since o/M* = N*, and

i8
1+x 2
1—2

48+ 36vz + 1282

we only have integer oscillators, and so
8

+16 + 2561 + 23042” + ---

< |1+ 2"
fR(x) = 161_[ n
ill—z

We note that the NS functions also include half-integer powers of z,
and that the R coefficients are twice the NS coefficients.

Open superstrings

0 The dol have spacetime indices and so transform adequately under
Lorentz transformations. The ‘Ra>, however, do not. In fact, both
the ‘Ra> and ‘Rﬁ> transform as spinors; which is what we need for
spacetime fermions.

0 However, we do not get two spacetime fermions because (1) the two
different states have different values of (-1)" and so different
commuting character (2) we would not get spacetime
supersymmetry. Similarly, we cannot identify one as fermions and
one as bosons, because bosons cannot carry spinor indices.

0 Thus, we truncate the R sector into the R— sector (with
(—1)" = —1) and the R+ sector. The generating functions for each

are

n=1

0 Now, for the NS sector.
* The ground states are tachyonic with (-1)" = —1.
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We define the NS+ sector to only keep states with (-1)" =
+1. These have an odd number of oscillators and so even
mass squared values.

To find a generating function from this sector, we note that

flipping a sign as follows

lS
142"
1—-z"

0=l

Only flips the sign which have an odd number of Fermions.

T n=1 —.'l:

H[

Thus, we need to subtract this to the original expression and

divide by two

fuo. @) = —=1T1

2Nz | n=1

1_$Tz

For supersymmetry, we require f, (z) = f, (7), an identity

with was proved by Jacobi.

e (losed string theories

0 Closed strings are obtained by combining right-movers and left-

movers. We can choose a sector for each copy, and we get four
combinations (L, R) = (NS, NS), (NS, R), (R, NS), (R, R).

Bosons arise from the (NS, NS) and (R, R) [doubly fermionic]
sectors.

Fermions arise from the mixed sectors.

0 To get supersymmetry, we have to truncate each of the sectors.

Several options are possible

Type ITA superstrings: always choose {L} = {NS+, R~} and
{R} = {NS+, R+}. This gives

(NS+, NS+) (NS+,R+) (R-,NS+) (R—,R+)
With masses —a 'M? = o/M2 —|—o/]\/[2 , where the leval-
matching condition ensures that the contribution from both
sides match. The massless states are obtained by combining

the other various massless states of the different sectors
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(NS+Ns+): B1[NS) bl [NS)  s[n'p,)
(NS+R-+): b LINS)  elR) ®(p",p,
(R—NS+): R) @b!,,|NS)  ®|pp,
S N 3 A I A

Questions to ask tomorrow

What do the “r” denote in the b operators

On the top of page 323, why do we sometimes use R, and sometimes R,?
On top of page 314, I'm uncomfortable with the r in the second sum of
equation 14.37

Why does is ‘NS'> bosonic, but the ‘NS> fermionic?

Why do we keep R’+ and NS’+4, but NS+ and R-

In the heterotic SO(32) sting theory, I don’t get why we don’t combine
any of the left ones with any of the right ones...

Page 258, at the bottom — how is that implied?

Why is the state space defined with an a in chapter 12 and with an alpha
in chapter 147

aé X is a momentum operator and annihilates the vacuum states
which hav no momentum. But they commute with everything, so what

don’t they annihilate? How can we get a state with momentum?
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