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STOCHASTIC PROCESSES 11

PART I - MARTINGALES

Conditional expectations

e Measure theory

0 In a probability space (€2, F,P), a sigma field A is a collection of events, each of
which as a subset of Q. It satisfies (i) @€ F (i) AeF=AecF (i)
A e F=U- A €F. Notes:
* (i) and (ii)) = Qe F

. T A= (UZ1 A:) , so also closed under infinite (and finite) intersection.

i=1 1
0 A random variable maps X(w):Q — R. When we say X is measurable with

respect to F and write X € F | we mean {w : X(w) < m} € F V.

e (Conditional expectations
o E(X|Y) is a random variable. E(X |Y)(w)= E(X Y = Y(w)). In other words,
the fact ¥ =Y (w) “reveals” a “region” of 2 in which we are located. We then
find the expected value of X given we are in that “region”.
* In terms of the definition below, we can write E(X |Y)=E(X |o(Y)),
where o(Y) is the sigma-field generated by Y — in other words,

oY) = {{w Y(w) < x} 1T € R} — every event can would be revealed by

Y.
o0 W=E(X]|A) is a random variable. E(X | A)(w) is a bit harder to understand —
effectively, it takes the expectation of X over the smallest A that contains w. In
other words, let A be the smallest element of A that contains w — then we

restrict ourselves to some region of 2 and find the expectation over that region;

E(X | A)(w) = E(XI,) . Formal properties:
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= W€ A: information as to where we are in ) only ever “reaches” us via
knowledge of which part of A we’re in, so this is obvious.

" E(W]IA> = E(X]IA) for all A€ A: we are now restricting ourselves to a
region of {2 that is A -measurable. Provided A is the smallest element for
which we A, W(w)=E(XI,), and the result follows trivially. (If it is
not the smallest element, the result requires additional thought).

O Some properties

i B[X|A|if XeA

i. B|E[X|A]=EX)

iii. B(XZ|A)=ZE(X|A)if Ze A

iv. Tower: E|E(X|B)|A|=B(X|A) if ACB: in this case, B is “more
descriptive” than A, so the result makes sense.

Proof: Use E(E(E(X |B)| A)]IA) = E(E(X |B)1,) for A€ A. Then use
the fact that A € B to show this is equal to E(X]IA). |

v. Linearity

vi. Jensen’s: for convex f, E[f(X) | g] > f(E[X ] g])

0 Notes

. E[X] :E[X|{®,Q}] (the RHS is a constant, because whatever w we
choose, the only element of {&,Q} that contains it will be ). Thus, (ii)
is a special case of (iv).

» Integrability of X implies integrability of E[X | A] :

Blsce )] < B[E(x14)] = E()

0 Example: Let Q be countable. Let B = {B B

# 2’...} be a partition of €2, and A
Zuc@ X(W)P(w)

v ) with

be the set of all subsets of B. Then E(X |.A) takes value

probability P(B).

i
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Proof: Clearly, the RV is A measurable, because each value it can take is

defined by a B. Also, E[E(X | AL A] is the expected value over those B C A.

Clearly, = E[X]IA] : mO

Martingales

e Definition: {Xn} is a sub-martingale with respect to {]-;} (where F, € F ) if
i. X eF
ii. (X )<oo [it is often convenient to work with the stronger condition
E|X | < oo].
iii. E[Xn " | F } > X [< gives a super-martingale, = gives a martingale]. Implies the
weaker property E[Xnﬂ] > E[Xn]
e Remarks:
0 A convex function of a martingale is a submartingale.

0 An increasing convex function of a submartingale is a submartingale.

Proof: (i) and (ii) are simple. E[f(X,L+1) | .7-;] > f<E[Xn+l |.7:n]) > f(Xn) [ ]

e Example: Let S = Z:’zl X, where the X are IID with E(X,) = O,E‘Xi‘ < 00

i

0 S, is a martingale [E‘Sﬂ‘ < nE‘Xl‘] (the mean martingale).
o If Var(X,)=0" <oo, X’ —o’n is a martingale (the variance martingale). O
e Exzample (the exponential martingale): Let o(0) = E(e""). M = e/ o"(0) is a

martingale. For example, if S :Z; X, is an asymmetric random walk with

5
p=PX =1)=1-P(X, =—-1), then M = (%) " is an exponential martingale, with

60:% and ¢(0) =1. O
o FExzample: Suppose an urn starts with one black and one white ball. We pull out balls
from the urn, and return them to the urn with another, new ball of the same color. Y,
the proportion of white balls after n draws, is a martingale (mean %). O

e Ezample: Let {X } be a Markov Chain with transition matrix P(z, y) and let h(z) be a

n

bounded function with h(z) = Zy p(z,y)h(y). {h(Xn)} is then a martingale. O
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Modes of convergence, etc...

Modes of convergence

0 Almost sure: P(limn X (w) = X(w)) =1,or IP(X" -~ X i.o.) =0

0 In probability: lim IP’(‘Xn — X‘ > 5) =0 Ve>0

0 L; lim

Can extract a subsequence {Xn } that tends to X almost surely. Chose
&

oF
Tt 2/

p(x, -xz1)<t.
_E[X, — X|=0 (assuming X, € L)

Implies lim,__B[X [=B|X]|, since +(|X,|-[x]) <|X, = X| (derive by
writing a = a—b+b and using triangle inequality).

Implies lim __ E(X,) = E(X), since [E(X, — X)| < E|X, — X|, by Jensen.

Implies X -, X by Markov’s.

Interchange arguments

0 Concerned with whether X — X as.=lim _E(X )= E(X).

n

0 Holds if

0 Fatou: If X, > 0, E(liminf X )<liminf E(X)

Bounded convergence: ‘Xn‘ < ¢, cis constant.

Proof. Define B’ =A = {‘Xﬂ - X‘ < 5}. Write ‘E(Xn - X)‘ as an
integral and split over A, and B,. Use the fact that P(B )— 0. [Can
replace with convergence in probability; ‘Xn‘ <c¢ still holds for
subsequence]. |
Monotone Convergence: 0 < X T X almost surely

Proof. X <X = E(X )<EX)= limsup E(X )<E(X). Together
with Fatou, gives our result. |
Dominated convergence: ‘Xn‘ <Y, Yintegrable.

Proof. Condition implies ¥+ X >0. Apply Fatou to both, subtract
E(Y) < oo from both sides. |

n
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Proof. Let Y =inf X , and note that inf_ (X )>E(Y ). Replace Y,

m n n - m

with min[Y ,k] — bounded because X,’s positive. Use bounded convergence and

let £ — 00. [ |

Uniform integrability

0 Definition: {X"} is uniformly integrable if

lim _ _ sup, E“Xn‘ I =0

‘Xﬂ‘>a

& Ve > 0,3a, s.t.E“Xﬂ‘]I <e V¥na>a,

‘X ‘>a
n

Lemma: {X” u.i.} = sup, E‘XH‘ <K

Proof. Write B|Y,[=B(|x |1, _ |+ B(x,[1, |<a+e. m

o
Lemmea: E[supn ‘X"H <00 = {Xn} U.i.

Proof Let Y =sup |X|. EY]=E}YI_]+E}YI_]. By monotone
convergence, first term approaches E(Y), second gets arbitrary close to 0, and

‘Xn‘ <Y, so u.i. follows. |

Lemma: 36 > 0 s.t. E‘XH‘H(S <K<xo= {Xn} u.i.

Proof. B(X,[1, |<®

x,

s K
T, >a] < = By splitting

b 1
]Ix">a] - EE[‘Xn =
into intervals ‘Xn‘ <1 and ‘Xn‘ > 1, can also show that for any 0 < ¢ <&, also
integrable. |
Theorem: {Xﬂ} wi. & X —, X=X -5 X
Proof First, show X is integrable by writing E[‘X‘]:E{liminfn ‘X"H’ using
Fatou’s, writing lim inf < sup and using the definition of u.i [use subsequences
for convergence in p]. Then, set ¥ = ‘X” — X‘ < ‘Xn‘ —I—‘X‘ — it is u.i. because X
integrable. Split E(Y ) into Y >a and Y <a. First one can be made
arbitrarily small by u.i. Bounded convergence applies to the second one, and

since Y — 0, it can also be made arbitrarily small by letting n — co. |

n

Theorem: X -, X & E‘Xn‘ — E‘X‘ <00 = {X } w.i.
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Proof. Define f(z) as a function that links (0, 0), (a — 1, a — 1) and (a, 0).

%,

Clearly 2l _ < f(z)<al_,. Write E(‘Xﬂ I, ‘M):E‘Xn‘—E

H‘X" \ga

< E‘Xﬂ‘ —E[ f (‘Xn‘)]. By L, convergence (first term) and monotone convergence

(second term), this can be made arbitrarily close to E‘X‘—E[fa ‘X‘

< E‘X ‘ —E . We can make this arbitrarily small since E‘X ‘ < 00. |

[xe

|X|<a—1
0 It can also be shown that {Xn} u.i. if and only if P(A) < = EHXn‘]IA] < ¢ and
sup, E‘Xﬂ‘ < 00 . For the only if part, split EHXH‘]IA] into ‘X"‘ >a and ‘Xn‘ <a.
For the if part, use Markov’s Inequality sup _, IP’(‘X"‘ > a) — 0, and then use the

assumption.

Summary

(Note: when arrows enter a given bubble at the same point, both are required for the
bubble to hold. When arrows enter at different points, each arrow independently is
sufficient to prove the bubble. The result pertaining to the convergence of martingales

(in dotted lines) will be discussed later.)
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-- {Xn} martingale

These three results

v .
require X, —, X
B(X ) — E(X)
1&
X<

Optional stopping

Definition (stopping time): If T is an integer valued random variable, we say it is a
stopping time with respect to a filtration F if {T = n} € F for all n (or {T < t} €F,
for all ¢, in continuous time).

Remark: If T) and T, are stopping times, so are T +T,,7 NT,,T VT, .

Theorem: If {X"} is a (sub)martingale and T is a stopping time, {XT A"} is also a
(sub)martingale. If {Xn} is u.i., so it {X }

TAn

n—1

X1 + X1

k=0""k {T=k} n {T>n-1} °

Proof. Write X, = Clearly, this is F measurable, and

‘XT/\n

< anl ‘Xk‘ 4 ‘Xn‘ so it is integrable. Conditioning follows. : to show u.i., first

k=0

note that {X;M} is also a submartingale, and so E(X;An)gE‘X:

<E|X |. Taking

limits, sup, B(X, )<sup, E‘Xn‘ < oo [the last inequality follows by u.i. of {X }] By

n n
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the theorem in the martingale convergence section, X[ o e Xy with E‘XT‘ < 00.

‘XT/\n

Finally, consider E

HXMM]' Simply split it over I, and I, , drop these

indicators and use integrability of X, and u.i. of {Xn} . [ |
e FExzample: Consider a gambler’s ruin with wealth S, at time t with S, = i and with

probably % of going each direction at each time step. Let

p= P(Probability we hit N >4, at which point we stop)
l-p= ]P’(Probability we hit 0, at which point we're ruined)
And let
T=inf{n:§ =N or S, =0}
We can now use the OST
0 |On S,| OST says that E(S,)=1IE(S,)=1i. Logic says that E(S,)=pN +0.

Together, we obtain p=1i/ N .

0 |On S? —n| OST says that E(S: —T)=E(S;) =i, and so E(T)=E(S.)—i.

Logic says that E(S.) = pN* + 0. Together, E(T) = i(N - i). O
e Counterexample: Consider the example above, but with 7’ = inf {n :§ =N> i}.

This is well defined, in that P(T’ < o) =1 (because the random walk is an irreducible

Markov chain, which means every state will eventually be visited) but blindly applying

the OST gives E(S,,) = i, which implies that N = i. Clearly, something has gone awry.(]
e We need to develop conditions under which the OST works. One such condition is...

e ...Theorem:If T <n  as.thenE[X |=E[X ]|.
Proof. E[X,|=E[X

TAn

] =E[X,] u
Remark: This condition is not satisfied in the counterexample above because even
though P(T' < 00) =1, it is not bounded — following the MC analogy, E(T") = oo .

e More generally, there are three key “ingredients” to optional stopping

1) (2) (3)
B(X,] = lim E[X, ] = Blim X, ] = BX

TAn TAn T]

Notes:
1. This equality holds for every n (since X, ~is also a martingale) and so it still
holds after we take t he limit.

2. This equality requires an interchange argument — uniform integrability of {XT An}

will achieve this, for example.
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3. This equality requires the martingale to converge. We will see later that uniform
integrability of {XT An} also implies convergence of this martingale.
o FExample: Let us return to the example above, and justify applying the OST in
retrospect:

0 In the first case, ‘STM‘ <aVbVn, and so sup, ‘STM

<aVb. As such, {STM} is

u.i.

0 In the second case, SzAT —(nA t)‘ <a* Vb —T, so provided E(T)< oo, the

martingale is u.i. We can see this is true in one of two ways (1) symmetric
random walk limited to an interval forms an irreducible Markov chain with finite

state space. (2) B[S;, —(TAn)]=E[S;—0]=0=E[S} |=E(TAn,).

T Any,

Taking limits as n — 0o on both sides (S;An

is bounded, and T An, is
monotone increasing) so E(S?)=E(T). Since S; is two-valued and has finite
expectation, T has finite expectation. O

e Though uniform inetgrability is enough to ensure optional stopping, some weaker

conditions are sometimes sufficient...

e Theorem: E[X —Xn

n+1

| .7-;} <(C<o forn< Tand E(T) < oo is enough.

e Example (Wald’s Identity): Let {Xl} be IID with E‘Xi‘ <oo and E(X )=p. Let T
be a stopping time with E(T) < oo. Then E(S,) = E(T)E(X,).
Proof. Consider {S" —n,u}. Applying the OST gives the required result, given that
B(]S, -5, || %) =BJx,|< 0. _In

e Example: Consider an asymmetric random walk with P(X =1)=p=1-P(X, =-1),
and let T = inf{n :S =—aor b}. We would like to find p, = P(S, =b). (1) Try the
exponential martingale p™ (where p = 1%” ). Note that 0 <M = = pS”AT <pVvi1;itis
therefore bounded, and we can apply the OST to deduce that 1= E(p") = E(p"). Also,
E(p") = p"p, + p"(1— p,). This allows us to find p, (2) Now use the mean martingale
{Sn —n(p— q)} . OST gives E[S, —T(p—q)]=0=E(S,)=(p—qET). Using p,, we
can work out E(S,) and find E(T).

e Note that the OST does mnot necessarily require P(T <oo)=1. Indeed,
E(X,) = E(X L. + XOC]IT:OC) , and if the stopped martingale is u.i., X must exist.

T T<oo
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e It is important to remember that when we invoke the martingale convergence theorem so

say that X~ — X , we are implicitly implying that P(7T < oo)=1.

Martingale Inequalities

e Doob’s Inequality/The Maximal Inequality
0 Motivation: Markov’s Inequality states that alP <‘X‘ > a) < E‘X‘

X, >a}, then

0<k<n

0 Theorem: If {X"} is a submartingale and A = {max
aP(A) <B[X I,] <B[X]

Proof: Define T = inf {k : X, Zaork> n} Clearly, it’s a stopping time, and
since T' < n, E[X, ] = E[X ]. Write both sides of equation by splitting over A and
A, and note X, =X over A Finally, note aP(a) <E[X I,]. Finally, note

that X < X' = E[XI,]<EX']. u

n

l_:an were the X

n

o If we let 5'0:0 and Sn: are IID with

E[X |=0,Var[X |= 0", then {Sn} is a martingale, and {Kn} :{SZ} is a

submartingale. As such, we get Kolmogorov’s Inequality:

E[S?]  no?

_ 2 nd __
S|z @) = Plmax,,, X, 207 < =2 ==

P(maxogkgn

e Azuma’s Inequality
0 Theorem: (xfl - mf‘q’)go(z) < ®(z) <z 'p(x) for all 2 > 0 (where ¢ is the normal
density function).
Proof. Notice that ED(a:)ocb/:oe*yz/2 dy. For the upper bound, multiply the
integrand by (1 + in). For the lower bound, multiply the integral by (1 — 3y’4).

Integrating gives the required result. |

0 Motivation: Let S, =0 and S =X, +--+ X , with X, IID p,0” < oc. Define

Y = ST — 1. We then have, by the Central Limit Theorem

n

P(|Y,|>c) ~ P(|7] > Le) = 23(Le)
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Applying the result above gives an exponential approximation. (It is, by the way,
summable, so we automatically recover the SLLN).

0 Theorem (Azuma’s Inequality): Let {Zn} be a zero-mean martingale with
bounded MG differences (ie: —a<Z —Z  <f for a,3>0). Then

2me’
(a+3)

P(Uim‘Zn‘ > ns) < 2exp

This bound is not as tight as the CLT’s, but it requires less.
0 Ezample: S, = number of heads in n flips, where P(Heads) =p. Z =S5 —np is

a martingale with —p<Z —Z <1-p. As such, we can use Azuma’s

LJOO
n=m

0 Definition (Doob Martingale): Let X be a random variable in L, and F be

inequality and obtain P

%—p‘>e)§2exp(—2m52). O

a set of filtrations. Then X = E(X | }—n> is a martingale.

Proof E(X, | F)=B[E(X |7, )| 7 |=B(X |7 )=X,. m
0 Let X =(X,--,X ), where the X, are independent and with CDF F,. Define

F =o0(X,,---,X,). Finally, let h:R" — R such that, if z differs from y in only

one component, ‘h(w)—h(y)‘ <{, for some ¢>0. Then S, = E[h(X) | .7-:] is a

Doob martingale. Provided we can prove ‘Sl. —SH‘ < /¢, we can apply Azuma’s

_ne’
20°

S :E[h(X)|]—:.]:fmm---j;"h(Xl,m,Xj,le,‘--,xn)dF(x )---dF, (z.,))

Inequality with a+ 3 = ¢ to § = h(X)

]P’(‘h(X) —E[h(X)] > ns) < 2exp

Proof: To prove ‘Si — SH‘ < ¢, note that

n\n i+1
Si—l = ‘/;/'”Lnh(Xl’”.’wi’xi+1’”"xn)d'F;L('T7L)'”d'F;Jrl(xiJrl)dF:‘(:Ez)

As such, remembering that densities integrate to 1
<gf...f1d...

=/

‘Si B Sifl

As required. [ |
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0 Ezample: Consider a system of n components (indexed by i) and m experiments

(indexed by j). Let X; = 1 if component i works (probability p,) and 0 otherwise.
For experiment j to work, all the components in the set A; must work, and we
assume each component is involved in at most 3 experiments. Let Y be the

number of experiments that can be performed. We then have

m

Y= Zj:l H{Experimentj can be performed} = h(X) E(Y) = j=1 HiEAJ pi

Since ‘h(X) - h(Y)‘ <3, we can apply Azuma’s. O

The Upcrossing Inequality
0 Definition: A process {Cn} is predictable with respect to {J’-;} it ¢ <F | for

all n > 1. This is stronger than measurability; it requires C, to be predictable
from the previous step’s information.
Definition (Martingale Transformation): Let {Xn} be a submartingale
and {C’n} be a predictable sequence. We write

(COX)n:Z::le<Xk—Xk71) (COX)():O
Intuition: X, may be the state of a market and C, the action we take at each
step. The theorem states that provided we can’t see the future (predictability)

and bet infinite amount (boundedness), the game stays fair (martingale).

Proof. Measurability is obvious, and integrability follows from the boundedness

of C,. Then E(Y, |7 )=V, +E

C, . (X

o X Xn) ] .7-'7]} Using predictability and
the submartingale property leads to the result. [Note: the result also applies to
supermartingales and martingales. For the latter, predictability is not required,
since the expectation is 0 anyway.] |

Example: We can write {X } as a martingale transformation with

TAN

Cn —1 =1—-1 ) e ]—,",H. Similarly, we can write {Xn — XTM} as a

{TZn} {Tgnfl
transformation with én =1-C, . O
The upcrossing inequality is concerned with transitions of the martingale from a

or below to b or above. We define T, = 0 and
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T . =inf {m >T

2k—

T 1nf{m>T

2k 2k—1

Xm < a}
L X, >0}

2k—2

Odd stopping times mark the first time the martingale downcrosses a since its
last upcrossing of b. Even stopping times are the other way round. These are
clearly stopping times.

0 Consider a gambling strategy that sets C =1 if T, <m<T, and C, = 0
otherwise. We effectively “buy” only if we’re below a and sell otherwise. Every

time there is an upcrossing, a profit of at least b — a is realized.

0 Theorem: Let U = sup {k : T, < n} — this is the number of upcrossings up to

time n — and assume X, is a submartingale. Then
(b—a)B[U,|<B|(X, —a)" |- B|(X, —a)'|

(This inequality would also apply for a martingale).
Remark: This is hardly very encouraging. The RHS is the amount that would
have been earned by buying at the start and getting out at n.
Proof: WLOG, shift the upcrossing range to [0,b —a], and define ¥ =(X —a)"
— this is also a submartingale and has the same number of upcrossings. Define C,,

as above, and since we earn at least b — a at every upcrossing,

(b—a)lU <(CoY) = (b—a)E[U |<E[(CoY)]. Letting C

1-C , we get
(CoY) +(CoY), Zn =Y —Y,. Since (CoY) is also a

k=1

martingale, E[(C o Y)n} > E[(C’ o Y)O} =0. Thus, E[(CoY) |<E[Y —-Y,]. |

Martingale Convergence

e Theorem: If {Xn} is a submartingale and sup_ E‘Xn‘ < 0o (this is a weaker condition
than u.i.), then X — X a.s. and E‘X‘ < 00.
Remark: sup, E‘X"‘ <00 is equivalent to sup E(X ') < oo because z" < ‘az‘ =217 —1,
and so, for example, B|X | = 2B[X] - B[X, ] < 2B[X;]— E[X,].
Proof: Note that (X —a)" <X + ‘a‘ and write the upcrossing inequality as

IE(X”‘ )+‘a‘
b—a

E[Uﬂ] < = K < oo [using the fact |X| dominates X and the condition in the
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theorem). However, U, is increasing by definition and therefore tends to some U
(possibly o00), but by monotone convergence, E(U ) — E(U) < co. Thus, the number of
up-crossings must be finite, and so P(liminf X <a <b<limsupX )= 0. This is true
for any a and b, and so P(liminf X = limsup X )=1. Integrability of the limit follows
by Fatou. |

o Corollary: If {Xn} is a supermartingale and X, > 0, then X — X and E[X]< E[XO].

e Proof Let Y =—X - this is a submartingale with E[Y "] = 0. The condition of the
theorem above (see the remark) is therefore satisfied. |

e Note, however, that almost sure converge does not imply convergence in the means or
variances, as the next two examples illustrate..

e Example: Assume X, =i>0, and X |X  ~Po(X ). Clearly, this is a martingale,

n—.

and once we hit 0, we stay there. Let T = inf{n :X =0or X > b}. By optional
stopping, E(X,)= b(1—p), where b >b and p= P(X, =0). But E(X,)=1i. As such,
l-p—+—0as b—oo. Thus, p—1. How do we know stopping time is finite? Note,
however, that E[X’]=E[E(X’|X )]=EX’ )+i. As such, Var(X )=ni; the
variable itself tends to 0, but the variance blows up. O
e Example: Let X ~U[0,1], and X |X  ~U[0,X ]. Let ¥ =2"X . We can write
X =U U with each U IID U0,1]. This is a martingale, and, by the SLLN,
+logY =log?2 +%Z; logU. — log2+ E(logU,) < oo as. So Y — 0. Note, however,
that Var(X )= (%)n —1. Again, the variance blows up. O
o Coupled with uniform integrability, however...
e ...Theorem: When {X"} is a martingale, the following are equivalent
. {Xn} is ui. (and therefore converges almost surely)
X, -, X
iii. X, can be written as a Doob martingale; X = E[X | .7-;], with E‘X‘ <00

For submartingales, only (i) and (ii) are equivalent.

Proof. |(i) = (ii)| follows from the fact u.i. implies the boundedness condition in the

convergence theorem. |(#i) = (ii7)|: Let X be the L, limit of {X } ; clearly, E[X | F ] is a

n

Doob martingale. To show this is equal to X,, all we need to show is that

E[X I,]=E[XI,] for any A€ F . Two steps. (1) Use the martingale property to write,
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for any m > n, B[X I |=E[EX |ZF]I

m n

=E[E[X I,|F]]=EX I,]. (2) Notice that

Al

as m— oo, [E[X,I,]-EXIL,]|<B|

Xm—X‘]IA]—>O, by L, convergence. Letting

m — oo in step 1 therefore gives the required result. |(ii7) = (i)| Note that by Jensen’s,

‘E[X ] .7-"71]‘ < EHX‘ | .7-""}, and so we can, WLOG, assume X > 0. Want to show that for

oM exr e | < E- The indicator is F

any €, there exists q, such that E[E[X|.7—"]]I

measurable, and so this is equivalent to E[XI_ < ¢ . Integrability of X means that

1217, 0]
for any e >0, there exists a 6 >0 such that for any A with P(A) <¢6, E(XI,)<e. As
sch, all we need to show is that P(A) = P(E[X | F ] > a) < 6. Applying Markov’s, we get
P(A) <E[X]/a.

e Ezample (Polya’s Urn): Consider the example of Polya’s Urn, discussed above. Let
X, be the proportion of red balls in the urn after draw n. By symmetry, E(X )= %

PART II - BROWNIAN MOTION

Introduction

e A brownian motion {B(t)}, sometimes denoted {Bt}, is a continuous process with

independent and stationary increments which follow a normal distribution; in particular,
B, ~ N(0,t)

e A useful way to motivate BM is using a random walk S, = 0, S, = X, +---+ X , with
the X, IID equally likely to be 1 and —1. Consider, then, a new random walk S(¢) which
moves every At =< time units (instead of every 1 time unit), and moves by a quantity
Az instead of + 1. We then have

S(t) = Az(X, +-+ X, |
(Az)

E[S(t)] =0 Var|S(t)] = (Az)* -n - Var(X,) = <t

As At — 0, this approaches Brownian motion, provided that (Az)’ ~ At.

e Daistributional Properties

0 For notational convenience, we write P(B, = z) = f(z).

0 Since B(t)~ N(0,t), its PDF is f(z) = Z=exp(—%) = %cp(ﬁ)
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0 Covariance: Consider s < t. Then
Cov|B(s), B(t)| = Cov|B(s), B(t) - B(s)+ B(s)| = 0+ Var[B(s)| = s = s At
0 Joint density: Let t <t,. Then

P|B(t,) = z,,B(t,) = z,|]= P|B(t,) = 2,, B(t,) - B(t,) = z, — z,|
(t,)

0 Conditional density: Let s < t. Then
P|B(s) = z, B(t) = b]
P[B(t) = b]
L@ (b-2)
£(b)

1 _) 1 _ oy
_ \/% EXP( 2“) \/27T(t75) eXp( Q(t*b‘))
1 ¥
ot eXp( Qt)
By multiplying out and then completing the square, we find that

(B(s) | B(t) = b) ~ N(b%,s(l _?))

P[B(s) = x| B(t) = b] =

The mean is analogous to what we obtained in a Poisson process. The variance is

less intuitive.

0 Hitting time: Let Y;:inf{t:B(t):a}, a > 0 (the Brownian path is

symmetric, so the result should be identical for —a). Now consider

P(B,>a)=P(B >a|T, <t|P(T <t)+ P(B, > ol L>HP{T > 1)

=1P(T <t

The last line follows from the so-called reflecting principle; once B, has hit a, it is

equally likely to be above and below a at a later time, by symmetry. Now

P(T, <t)=2P(B, >a)= 25(%)

Now, as t— oo, we would expect this probability to tend to 1, since the

Brownian motion should eventually hit a. Indeed, IP’(Ta St)—>2(f>(0):1.

However, Brownian motion is a null-recurrent Markov chain — the expected value

of any hitting time is infinity:
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—d?/2
a ae oo dt
,(],2/2/, 2 f 00

1 > a o 1 2
)=—| —Fe et > [Tl
\/27rj; \/; 27rj; \/; N2 Y1 \/Z

Note also that if M, = max_ - B, (a quantity always increasing in t), we have

(T,

P(M, >a)=P(T, <t)=23(%)

Similarly, note that min _, B, = —max_ _,(—B,) =, —max__, B .

0 Arcsine law: Let X(¢) be a Brownian Motion starting at a point other than 0.

Note that
P<min0§u5t X(u) = 0] X(0) = a) - P(maxoguq X(u) = 0] X(0) = —a)
= P(maxogug X(u)>al| X(0)= 0)
=P(7, <t)

As such
]P’(At least one 0 in [t ,t ]| X(t,) = a) = Pla)=P(T, <t)

0771
Now, assume we know X(0) = 0, but do not know X(f,). The probability « of
there being at least one 0 in [¢, t,]. We can find this by conditioning on the value

of X(%,), and we get

2 t 2 t

P(At least one 0 in (¢ ,¢ )| X(0) = O) =1-—=arcsin, |-> = —arccos |-*
ot T t T t

1 1

0 Consider
A(z,y) = P(X(t) > y,min,__, X(u)> 0] X(0) = z)
Note that
P(X(t) > y| X(0) = z) = 4 (z,9) + P(X(t) > y,min_,_, < 0| X(0) = z)

Consider the last term; by reflecting at the first time the process hits 0, we find
that every sample path satisfying that term has a corresponding path that falls
below 0 and with X(#) < —y (and vice versa). As such
A(zy) =P(X(t) > y| X(0) = z) - P(X(t) < —y | X(0) = z)
=P(B,>y—z)-P(B, <—(y+u))
= IP’(BL € [y—x,y—i—x])

0 Consider M = max B, and Yt =M L X - Consider

t 0<u<t

P(M, >m,B, <z)="P(B >2m-z
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Because for every path satisfying the first expression, we can reflect at the first
point M, hits m. The first path is more than m — x away from m at ¢, and
therefore so is the second, but in the opposite direction.

0 Finally, note that Brownian motion is a special case of a Gaussian Process, since
B(t),---,B(t ) can be expressed as a linear combination of IID standard normals:

B(t,) =1, -7,

B(t,) = B(t,) + B(t,) — B(t,) = B(t, )+Bt —t) \fZ +(t, —t,)Z,

0 Ezample: Consider X(t)=tB(;). The mean and covariance are still as before.

To show the process is continuous, show that lim,  X() =0 <« lim % — 0.

Express B(u) as [B(u) — B(u— 1)] + [B(u —1)— B(u— 2)] +--- and use SLLN.
Therefore, it is a Brownian motion; Brownian motion is self-symetric; all we need
to do is to consider the interval ¢ € [0,1] and we have everything we need about
the process. O

0 Example: Let s < t < u and consider E[BthBu]. Another way of stating the

Markov property is that given the present, past and future are independent. Thus
E(E[BBB, | B,|) = B(BJE[B, | BJE[B, | B])=+E(B')=0 O
0 Ezample (the Brownian Bridge): Let X, = B | B =1, with ¢t €0,1]. Now,
using the result about the conditional distribution and for 0 < s < t < 1,
E[X X,|=E[BB,|B, =0
= B(BE(B, | B]|B, =0)
=E(BB,+|B, =0
— §E(Bf | B, =0)
=s(1—1t)
(Note that Var(X,)=t(1—1¢). Thus, even though this is a Gaussian process, it is
not Brownian motion). Consider the following argument instead:
E[X X,|=E(BE[B, | B]| B, =0)
=E(B’ | B, =0
=s(1—s)
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This second argument is incorrect, because in going from the first to the second
line, we condition B, on the past while ignoring that we are at the same time
condition B, on the future (because we are conditioning on B, = 0). O

e Martingales Associated with Brownian Motion

0 Recall that in continuous time, the martingale property reads, for all ¢t > s,
E(X (t)| F, ) = X(s). Defining a stopping time is more tricky; if 7T satisfies
{T < t} SV then since F is an increasing family,
} = UZOZI{T < t—%} € F,. However, if T only satisfies {T < t} € F,, then
{T < t} = ﬂn{T < t+7il} ¢ 7 (again, since the family is increasing). To
conclude this, we need to assume right-continuity of the filtration.
0 Theorem: The following three processes are martingales:
. {Bt} (the “mean martingale”)
. {Bf - t} (the “variance martingale”)
" {exp (HBt —%0215)} , where 6 is a deterministic parameter (the
“exponential martingale”).

Proof. The first two parts are trivial. For the last, recall that ]E(eHN (O’l)) =’

and E(eéBt;g% | f;) _ (EHBbQQQt)E(EO(B[Bﬁ) | fs) _ (eaBbQQQt E(eo[jv(oﬁl)]\/g) ‘ n

0 The exponential martingale can be used to generate many other martingales. Let

f(O;t,x) = S N Q_H (t,z)

=opl "
Where H, is the n™ Hermite polynomial, H (t,) = f™(0;t,2). Feeding this into
the martingale property and exchanging summation and expectation, we can use
the fact that this holds for any 6 including # = 0, and conclude that for each n,
{Hn(t, Bt)} is also a martingale.
0 We can apply the Optional Stopping Theorem to these martingales to get some
interesting results.

0 Ezxzample: Define T = inf {t :B, = —aor b}. Using the mean martingale, we can

find p, = a /(a+0b). Using the variance martingale, we can find E(T) =ab. O
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0 Ezample: Let X, = ut—oB,, with p,0>0; this could be seen as the “net
demand up to time ¢, where 0B, is a production process. We are interested in
T = inf {t X, =b> 0} (the first time stock depletes). E(T) = % is easily found
using the mean martingale on B;. Use the variance martingale for Var(T) = Lal

n

0 Exzample: X, = ut+oB,, T =inf {t : X, & (—a, b)} Use &7 = eo@ﬁﬂ
Choose 0 =—-2u /0o, and use the OST (stopped martingale is bounded);
E(egXT) = 1. Directly gives p, and p,. Use OST on B, = (X, —uT)/o to find
E(T). Can let © < 0 and a — —oo and find P(supt X, > b) — ¢ 2" O

0 FEzxzample: Following from the above example and letting 7' = inf{t:Xt = b},
suppose we want E(e ). Write —T = 0B, —16°T — (b .

= Use the OST on exp(0B,,, —16°[T At]) < exp(6B,,,) [bounded.]
* Substitute b = uT + 0B, and equate coefficients of T and Bj.
e Ito’s Formula
0 For a deterministic z, dz, =& dt and df(z,) = f'(z,)dz, + 3 f"(z,)(dz, ) + -,
but (dz,)’ = 4°(d¢t)* which vanishes. In BM, (dB,)* ~ d¢, and so
df(B,) = f(B,) dB, +1f"(B)) dt
1B) = 0)+ [ £'B) 4B, + [ f'(B) as
This is Ito’s Formula. The first integral above is called Ito’s Integral and can be

approximated as

n

t
f X dB =SV X [B _B ]
0 s s i=1 /,i1 L, Lll

This is a martingale transformation, and is therefore a martingale under

boundedness and predictability (< left-continuity) of X, Furthermore, as a

martingale, the mean of the integral is 0. To find its variance, consider

t 2 n 2 n t
E[ fo Xsst] ~E(S X, {Be - B, ]) =3 B )t —til)zE{ fo des]

Where we have used orthogonality of martingale differences, and conditioned on

F, . This is knows as Ito’s Isometry. More generally, for a bivariate f(t, )

1
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df(t,B,) = f dt+f/ dB + 1 f] dt
B T . T . L prT .y
AT, B) = fO.0)+ [ et [ fdB 42 [
Two results

» Since the second integral above is a martingale, we have that if f(z,t)

satisfies ft': -3 z” , then f(¢,B,) is a martingale.

»  We can develop an analogue of integration by parts

t t . t
[ B ds=tB,~ [ sB dt=1B [ sdB,
This follows rigorously from Ito’s Formula with f(z,t) = tu.
0 Ezample: Letting f(z) =12” and f'(z) =z, we get
2 ¢ ! 2
1B’ = [ B dB +it= [ B dB =1(B —t| O
0 Example: Let f(t,z)=¢"""" and let Y, =f(t,B,)= et Taking derivatives,
we have f'=puf, f'=of, f! =0’f and so
df(t,B,) = dY, = |(u+10*)dt + o dB,Y,
We could have obtained the same result using f(z)=e¢" and Y, = f(X,) with
X, =ut+oB, . g
0 Ezample: We define integrated Brownian Motion as X, = ftBS ds. This is a
0

Gaussian process, and clearly E(X,)= f tE(BS) ds =0. Furthermore, using
0

t t
integration by parts, we can write X, = f B, ds= f (t—s)dB, , and so, for
0 0

t < u and repeatedly using independent increments

t

Cov(X,, X, )= Cov[j; (t—s)dB, [ (u—s) dBS]

_COV[fO”(t_s) dBS,fO"(u—s) st]

So this is not Brownian Motion. O
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0 Ezxzample: Consider a more complicated integration by parts
[ ds=tB — ['s A =18} — 2 —2[ 5B, dB,
Where the last step used Ito’s Formula with f(z) =2 to deduce
d(B*)=2B_dB, +ds. O
0 Ezample: Consider a inventory problem in which the cumulative (net) demand
up to time tis D, = M\ + 0B, with initial inventory S > 0. When the inventory
drops to 0, it is instantly replenished to S. Let 7 = inf {t :D, =5 } The total
inventory-time in [0,7] is
fOT(S—Dt) dt = j;T(S—)\t—aBt) dt
= ST—%)\TQ —oTB, —|—af07t dB,
=43+ tdB,

We have used integration by parts and D_ = §. Taking expectations, and using

t
the OST on the uniformly integrable martingale f s dB_, we get
0

E[LT(S—Dt) dt] = LAE(+)

Assuming the holding-cost per unit time is h and each replenishment costs
¢S 4+ K , the long-term average cost which we seek to minimize is

LARE(T?) + ¢S + K
W E()

. . 2 o2 2
From the previous section, we have [E(7)=£{ and E(r ) =S E(r)+E(7).

min

Feeding into the above and minimizing, we find

S = . [2Ex N =  |hs? 0

h 2(es+K)

PART III — STATIONARY PROCESSES

Introduction

e Definition (Strong Stationarity): The process {X(t) it > 0} is stationary if

Daniel Guetta

~
—



Stochastic Processes 11 Page 23

(X(t), X(1,),+, X(¢)) =, (X(t, +n), X(¢, +n), - X(t, +n))
For all ¢ <t, <---<t and n>0. In other words, a process is stationary if it is “shift

invariant”.

e Definition (Weak Stationarity): The process {X(t) it > 0} is said to be covariance
stationary if E[X (t)} =m (ie: it has constant mean ) and
Cov [X(t),X(s)] = E[(X(t) —m)(X(s)— m)] = R(‘t — SD, where R is some function of
‘t — s‘ only.

o Note that a Gaussian process is entirely defined by its mean and covariance; as such, for

a Gaussian process, stationarity implies covariance stationarity.

L,-convergence

X

— EY?
p

p}'

e Holder’s Inequality: For p > 1 and %—l—% =1. Then E‘XY‘ < ”XHP HY”q Applications:

e We define the p-norm of a random variable X as HX

x),

0 p = q = 2 gives the Cauchy-Schwartz Inequality: E‘X Y‘ < YH2.

<|x

0 p = s/rand Y =1 gives Lyapounov’s Inequality HX ) forall 0 < r < s.
0 Minkowski’s Inequality: “X + Y“p < HX“p + HYHP

e Definitions

o Xe Lp means that “XHP < 0.

0 A sequence is said to be L,-bounded if sup HX H < 0.
) p

o X — : X means that HXH -X

— 0.
L p

o X €L and X —X=XeL, because HXHP = H(X—Xn)—i-Xan, and use
Minkowski to find | X[ <[x-X [ +|x,| <c+[x,| <oo.

, X and X —, Y then use Minkowski’s

P P

0 Let L, limit is unique: if X —
Inequality on X -V = X — X + (Xn — Y).
e Theorem: If {Xn} if a martingale that is L, bounded with p > 1, then X — X a.s. in

L,. The same holds if {Xn} is a non-negative submartingale.

o Cauchy Criterion: HXm — XHHP — 0 for n,m — co & 3X s.t. HXH -X

— 0.
p
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Theorems

e Theorem (Weak Ergodic Theorem): If {Xn} is covariance stationary, then

)_(n — X, where )_(n = %Z; X, . Note that in general, X will be a random variable.

LQ
Under one of two equivalent conditions, it is a deterministic constant equal to

(X,

o Var(X )—0
o Cov(X,X)—0

)=m:

e Theorem (Strong Ergodic Theorem): If {Xn} is stationary and X € L, then

)_(n — X as. and )_(n -, X . Again, X is generally a random variable. Under ergodicity

1

(defined below), it is constant. An intermediate step in proving this is...

Lemma (Mazimal FErgodic Lemma): Let {Yn} be stationary and let

S,=Y +-+Y,  and M, =max {O, 57.“1,---,57.“”} . Then E[KJYJI{MO_”>O}] >0Vn>1.

e Definition (Shift Operator). ¢ is a shift operation. If z=(z,2,,---) then
o(z) = (v,,,,--). We say the set A is shift invariant if 2 € A = p(z) € A. For example,
the following two sets are shift invariant (we can replace < by > and =, and lim sup by
lim inf)

A:{x:lim M<a} A :{leimsup Mga}
n—00 2

e Definition (Ergodicity): X = (Xl,--~,X",-~> is ergodic if ]P’(X € A) =0or 1 for all
shift invariant A.
Note: We can use this definition of ergodicity to show that X is constant.

IP’(X € A) = P(limww)_( < a) IP’()_( < a) =0orl

Thus, X is a constant.
e Definition (Mixing): X = (Xl,X2,---,Xn,---) is mizing if
lim, P((X,,X,,) € A(X,,,,X, ,,) € B)=P((X,,X,,-) € A)- P((X,, X,,-) € 4)

n—00 n+1?

Where A and B are sets of infinite sequences (not necessarily shift invariant). We can

look at pieces of size k instead lim IP’((XH,---,XnH) €A (X X € B).

ntm? n+m+k)
Theorem: If a sequence is mixing, it is ergodic.

Proof: Let A be any shift invariant set
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p =P((X,,X,,) € 4)
T A shift invariant ((X()’X -)ed (XMXnH’ ) € A)
e P((X,, X, ) € A)-P((X,,X,,) € A)
= p2
And so p must be equal to 0 or 1. |

e Ezample: Let X =Y w.p. pand Z w.p 1—p, where Y,Z € L. Consider two cases:
(o] IanEXO,)_(:Yw.ppandZW.pl—p
o If X = X, X=EY)wppand E(Z) wpl—p

Neither case is ergodic.

PART IV — STOCHASTIC ORDERS

Introduction
e The Hazard Rate of a random variable X with CDF F'is

P[Xe(t,t+dt)|X>t]:f(t) t>0

dt—0

As such

A ()= %[—ln F(t)] F(t) = exp[—fot A, (8) ds]

X follows the exponential distribution F(t) = e /" if and only if A () = <.
Example: If W = max(X,Y), then F = FXFY ;and A, = A + A, |

e Assume X and Y have densities F'and G. We define the following variable orderings

0 Likelihood ratio ordering: X > YV if M < M for all z > .
f@) — g(x)

0 Hazard rate ordering: X > Y if A (z) <\ (z) for all z.
0 Stochastic ordering. X > Y if F(z) > G(y) for all .
0 Increasing convex ordering: X > Y if E[(b(X)} > E[¢(Y)] for all increasing

and convex functions ¢(z),

e Theorem: X > Y =X2> Y=>X> Y=X> YV
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Proof: For (i) — (ii), collect z and y terms on each side, integrate both sides on z > .
For (i) — (iii) , use F(z) = exp [—fz f(t) ] F(t) dt]. For (iii) — (iv) see next theorem. W

Theorem: X < _ Y and E(X)=E(Y) < E[f(X)] < E[f(Y)] for all convex f. (In other
words, when the means are equal, the requirement for the fto be increasing is dropped).

Theorem: X >, Y iff E[¢(X)] > E[¢(Y)] for any increasing ¢ .

Proof: Let U ~U[0,1]. Then X =, F'(U) and Y =, G '(U). Stochastic ordering
implies F~'(u) > G (u) , and so E[¢(F ()| > B[o(G ] Pick ¢(z n

:r>a
Note ¢(z) increasing + convex < —@(—z) increasing + concave. Thus, we can define a
concave ordering ICV for increasing concave functions, and X > .V & -X < -V
Theorem: Let X and Y be two random vectors with independent components.
o If X, >, Y foralli then h(X)>, h(Y) for any increasing h:R" — R.
o If X, > Y >0 forall i then h(X) >, MY) for any increasing h:R" — R,

that is convex in each variable.

Proof

IFR & NBUE Distributions

We let X, denote the residual lifetime of X given that X has survived up to time ¢ In
other words, IP’(Xt > m) = IP’(X >z+t| X > t) Fa+t) . Differentiating, we find that the

TRy
density of X,is f(z+1t)/ F(:l:) , and so the failure rate is )\Xr (x) = A (t+z).

Definition: IFR denotes the class of distributions with increasing failure rates — in
other words, X € IFR if X () is an increasing function of ¢.

Theorem: X € IFR < X, stochastically decreasing .

Proof F = exp[ f A ]— exp [— " A (8) ds]. Clearly, this is increasing in
t

tif and only if A (s) is a decreasing function in s. [
Now, consider a renewal process with IID inter-arrival time following the distribution of
X. Let X, be the equilibrium distribution of that renewal process — in other words, at

any given time t far into the future, the time since the last renewal. Then

F (t)= CF(a ) dz, and A, /fF

X, ¢
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Definition: NBUE denotes the class of distributions that satisfies the property of “new
better than used in expectation”. In other words, X € NBUE if
E(X —t)" 1 o —
E[X —t| X >t]= X=t) [P de <B(X) = g Vi >0
P(X >t) F(t)J¢

Theorem: X c NBUE & X < X & A (t)> ,% for all ¢t > 0. Proof. Elementary.

Theorem: X € IFR = X € NBUE.
Proof E(X —t| X > 1) E(X,) <

—X, stoch. dec. E(XO) E(X) .

def of X, def of X,

Theorem: X € NBUE = X <_ exp(l/p), where p = E(X).
Proof From the previous theorem, we have that since X € NBUE , and using F(0) =1,
1 d 1 —
A ()= == —|-mE(t)|>==WF (0)-InF, (z)>

. wo o dt m . .

Using the definition of F ' » the last inequality can be re-written as

S]]

_ .
:>FXU(3:)§6 g

= |8

foop(z/) dy < pe™" = foo@fw dy
Proposition 9.5.1. in Ross shows that this implies icx ordering. |

Note that X <_ Y and E(X)=E(Y) together imply that Var(X)< Var(Y), because

¢(z) = 2* is convex. Now, consider the coefficient of variation, \/Var(Y) /E*(Y). Using
the previous theorem, we can conclude that if X € NUBE, it’s coefficient of variation is

< 1.

0 Let us revisiting problem 1: X, = I and X, ~ Po(X, ). Here, we know X =0,
and E(X,)=i>E(X_)=0. Furthermore, let T = inf {n X >b> Z} But we

can be absorbed in 0, so this isn’t finite. {T } is non-negative, but NOT

TAn

uniformly integrable. Thus, we need to use our alternate result...

Daniel Guetta
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i=B(X,)>BE|BI,__+0-I
> BP(T < o0)
> bt

-

In the last stage, we use something like this
T=inf{n:Xn >bor X, =O}
OST E(X;)=EX,)=i=01~-nm)+Br [B>0]

Solet P(X;, >b)=m=-<+.80, P(X;, =0)>1—+.

]
0 EXAMPLE: Symmetric random walk, with S, = 1, T =inf{n:S =0}. S, isa
non-negative martingale. So clearly, it must converge. And to 0. If we have §, =

-1 (ie: it’s a barrier on the left), then we lose non-negativity, and the whole thing

becomes irrelevant.

Daniel Guetta
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